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INVOLUTIONS ON ALGEBRAIC SURFACES AND ZERO CYCLES
KALYAN BANERJEE
ABSTRACT. In this note we are going to consider a smooth projective
surface equipped with an involution and study the action of the invo-
lution at the level of Chow group of zero cycles.
1. INTRODUCTION
In this note we want to consider the generalised Bloch conjecture [Vo]
[conjecture 11.19], which says that the action of a degree two correspon-
dence on the Chow group of zero cycles on a smooth projective surface
is determined by its cohomology class in H4(S×S,Z). This is equivalent
to the following: let Γ be a correspondence of codimension 2 on S ×T
where S,T are smooth projective surfaces over the field of complex num-
bers. Suppose that Γ∗ vanishes on H0(T,Ω2T ) then the homomorphism
Γ∗ from CH0(S) to CH0(T ) vanishes on the kernel of the albanese map
albS :CH0(S)→ Alb(S).
In [Voi], the conjecture was proved for a symplectic involution on a K3
surface. In this paper the author consider an automorphismof order two
i of the givenK3 surface, such that i∗ acts as identity on globally holomor-
phic 2-forms, then i∗ acts as identity on CH0 of the K3 surface. Also the
similar question was considered in [G] for intersection of quadrics and
cubics in P4 which are examples of K3 surfaces. Also in [HK] the question
was considered and proved for certain examples of K3 surfaces equipped
with a symplectomorphism.
In this note we prove the following theorem:
Theorem 1.1. Let S be a smooth surface with pg = q = 0 and having an
involution i on it such that S/i has an elliptic pencil on it. Then the in-
volution i acts as −1 on the group of degree zero zero cycles on S, modulo
rational equivalence (denoted by A0(S)).
Our method is the same as in the proof of Bloch’s conjecture for sur-
faces not of general type with pg = 0 as in [BKL].
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In the next section we try to understand the action of the involution on
the Chow group of a general smooth, projective surface. This we do by
reducing the problem to a very general hyperplane section of the surface
itself. Precisely speaking let τ be the involution on the surface S. Let jt
denote the embedding of a very general hyperplane sectionCt into S and
jτ(t) the embedding of τ(Ct ) into S. Then we consider the kernel of the
bi-Gysin homomorphism jt∗+ jτ(t)∗ from J (Ct )× J (τ(Ct )) to A
2(S) (Ai is
the group of algebraically trivial codimension i algebraic cycles modulo
rational equivalence, it is also denoted by An−i , where n is the dimension
of the ambient variety). By monodromy argument we prove that the ker-
nel is either countable or τ acts as−1 on the image of J (Ct ) under jt∗ into
A2(S). Similar techniques will show that the kernel of jt∗− jτ(t)∗ is either
countable or τ acts as identity on the image of J (Ct ). Then combining
these two facts we show that for a surface with pg > 0 and q = 0, we have
three possibilities:
Either both the kernels jt∗+ jτ(t)∗, jt∗− jτ(t)∗ are countable or τ acts as
−id on the image of J (Ct ) under jt∗ or as identity on the image of J (Ct )
under jt∗.
So if we can exclude the first possibility then we know the action of τ
on A2(S), by studying the action of τ on the Jacobian of a very general
hyperplane section.
Acknowledgements: The author would like to thank the ISF-UGC project for
funding this project and also thanks the hospitality of Indian Statistical Institute,
Bangalore Center for hosting this project. The author is indebted to Ramesh
Sreekantan for suggesting this problem to the author and for many helpful dis-
cussions on the theme of the paper. Lastly the author is grateful to ChuckWeibel
for constructive criticism on improving the exposition of the paper and for his
advice to improve 2.1 and to generalize theorem 3.1.
We assume that the ground field is algebraically closed and of characteristic
zero.
2. THE BLOCH-KAS-LIEBARMAN TECHNIQUE
In this section we prove the following theorem:
Theorem 2.1. Let S be a smooth surface admitting a 2 : 1map f to a sur-
face F with pg = q = 0 and admitting an elliptic pencil. Let i be the in-
volution on S arising from the 2 : 1map. Then the group of invariants of
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A0(S), given by
{z ∈ A0(S) : i (z)= z}
is finite dimensional.
Proof. To prove that the group of i-invariants of the Chow group of de-
gree zero cycles of S, we follow the Bloch-Kas-Lieberman technique as
presented in [BKL]. First consider the pencil of elliptic curves on the sur-
face F . That is a map from F 99K L, where L is isomorphic to P1.
Suppose that a pencil of curves on a surface F can be given by choosing
a projective line L in P(H0(F,D)) := |D|, whereD is a line bundle on F . So
every element t of this projective line gives rise to a global section σt of
D, which is non-zero and well-defined upto scalar multiplication. Let
Ft be the curve in F defined by the zero locus of σt . Now let σ0,σ∞ be
two linearly independent global sections spanning the two dimensional
vector subspace of H0(F,D), underlying the line L. Then any element σt
in this vector space look like σ0+ tσ∞. Now the rational map F → L is
defined by
x 7→ [σ0(x) :σ∞(x)]
and it is not defined along the common zero locus of σ0 = σ∞ = 0. Con-
sider the surface
F˜ = {(x, t ) ∈ F ×L|x ∈ Ft }
this is nothing but the blow-up of F along the base locus of the above
rational map. Then sending (x, t ) to t defines a regular map from F˜ to
L. That is we blow up the base locus of the rational map F 99K L. Now
consider the pull-back of F˜ → F to S, call it S˜. Then S˜ is nothing but the
blow up of S along the base locus of the rational map S 99K L. Observe
that fixing a point 0 in on F , which is in the base locus of the pencil, we
have a section of F˜ → L given by t 7→ (0, t ). Let us continue to denote the
map from S˜ to F˜ by f .
Consider the Jacobian fibration J→ L corresponding to F˜ → L. Now fix
a smooth hyperplane section Y of F˜ under the embedding of F˜ in some
PN . Let pi be the morphism from S˜→ L and pi′ is from F˜ → L. Let us have
Y ∩pi′−1(t )=
n∑
i=1
pi (t )
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Then we have a map g from S˜ to J
q 7→ albt (n f (q)−
∑
i
pi (pi(q)))
where albt is the Albanese map from Ft to Jt , t = pi(q). It is defined be-
cause the pencil F˜ → L has a section. This map is dominant as it is domi-
nant on fibers.
Lemma 2.2. Let T (J ) denote the albanese kernel for J . If T (J )= 0, then the
group of invariants under the action of i , in A0(S) is finite dimensional.
Proof. Theproof of this lemma follows by arguing as in [BKL][proposition
4]. To prove the claimwe have to understand the quasi-inverse of g given
by a correspondence on S˜× J . Let α belong to J that lies over t ∈ L. View
α as a zero cycle on Jt , that is it is an element in Pic
0(Jt ) (by using the sec-
tion for the Jacobian fibration). Since Pic0(Jt ) is isomorphic to Jt , there is
a unique point in qi (t ) on Ft such that qi (t )−pi (t ) is rationally equivalent
to α. Now f −1(qi (t ))= {q
′
i
(t ),q ′′
i
(t )}, f −1(pi (t ))= {p
′
i
(t ),p ′′
i
(t )}. So we can
define λ to be
α 7→
∑
i
(q ′i (t )+q
′′
i (t ))− (p
′
i (t )+p
′′
i (t )).
Let q − p be a zero cycle where q,p are closed points on S˜. Then we
compute λg∗(q−p+ i (q −p)). We have by definition
g∗(q+ iq −p− ip)= n f∗(q+ iq −p− ip)−
n∑
i=1
2(pi (pi(q))−pi (pi(p)) ,
let f(q)= q
′, f (p)= p ′. Then
λg∗(q+ iq −p− i (p))=λ[(2nq
′
−2np ′)− (2
n∑
i=1
(pi (pi(q)))−pi (pi(p)))]
which can be re-written as
2
n∑
i=1
λ(q ′− (pi (pi(q))))+λ(p
′
− (pi (pi(p)))) .
Now λ(q ′−(pi (pi(q))))= (q+ iq−p
′
i
(pi(q))−p ′′
i
(pi(q))). Therefore λg∗(q+
iq −p− i (p)) is equal to
2n(q+ i (q)−p− i (p))−a
where a is a zero cycle supported on Y ′ = f −1(Y ). So for general hyper-
plane section Y of F˜ , we have Y ′ a smooth projective curve. Therefore by
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Chowmoving lemma, for any zero cycle z of degree zero on S˜, we have
2n(z+ i z)−λg∗(z) ,
is supported on the Jacobian of Y ′. Suppose z belongs to the albanese
kernel T (S˜). Then we have g∗(z) belonging to the albanese kernel T (J ).
If T (J ) is zero then we can conclude that g∗(z) is rationally equivalent to
0 on J . So we have g∗(i (z)) is also rationally equivalent to zero. Compos-
ing with λ we get that 2n(z+ i z) is supported on J (Y ′). Tensoring with Q
we get that z+ i z is supported on J (Y ′)⊗ZQ. So it means that the group
T (S˜)i of i-invariant elements in T (S˜), is finite dimensional (rationally):
in the sense that there exists a smooth projective curve C , and a corre-
spondence Γ on C × S˜ such that Γ∗ from J (C )⊗ZQ to T (S˜)
i ⊗ZQ is sur-
jective. Since the albanese map is surjective it follows that the group of
i-invariant elements of A0(S˜)⊗ZQ is finite dimensional. Then by lemma
3.1 in [GG] it follows that the group of i-invariant elements of A0(S˜) is fi-
nite dimensional. Since S˜ is a blow-up of S and finite dimensionality is a
birational invariant, we have the group of i-invariant elements of A0(S)
is finite dimensional. 
Now we repeat the proof that T (J ) = 0 by showing that J is rational
following [BKL].
Lemma 2.3.
T (J )= 0
Proof. For a proof please see [BKL][Proposition 4] or [?]. The proof basi-
cally relies on the fact that an elliptic surface with pg = 0 is rational. 

Corollary 2.4. Let S be a surface of general type of geometric genus zero
and with an involution i , such that S/i is smooth with pg = 0= q and has
an elliptic pencil on it. Then the group A0(S/i ) is finite dimensional.
Proof. The surface S satisfies the condition of the previous theorem 2.1,
hence the conclusion. 
Corollary 2.5. Let S be a surface with pg = q = 0. Let i be an involution
on S such that S/i is smooth. Then the involution acts as −1 on A0(S).
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Proof. Since A0(S/i ) is finite dimensional, it follows by [Voi][Theorem
2.3] that the homomorphism id+ i∗ factors through Albanese of S, which
is zero. Hence the involution acts as −1 on A0(S). 
Remark 2.6. The above corollary 2.4 is useful to prove the Bloch’s conjec-
ture on S/i , when it has an elliptic pencil.
3. CURVES ON A SURFACE AND MONODROMY
Let S be a smooth, projective, surface over C. Let us fix an embedding
of S inside PN . Let τ be an involution acting on S. Let t be a closed point
in PN
∗
. Consider the corresponding hyperplane Ht inside P
N and con-
sider its intersection with S. Then we get a curve Ct inside S and τ(Ct )
inside S. By Bertini’s theorem, a general such hyperplane section of S will
be smooth and irreducible. Now consider two curvesCt ,τ(Ct ) in S. Let g
be the genus ofCt . Then we have the following commutative diagram.
SymgCt ×Sym
g (τ(Ct ))

// Sym2g S

A0(Ct )× A0(τ(Ct )) // A0(S)
Here the morphism from SymgCt ×Sym
gτ(Ct ) to Sym
2g S is given by
(
∑
i
Pi ,
∑
j
Q j )=
∑
i
Pi +
∑
j
Q j
and the homomorphism from A0(Ct )× A0(τ(Ct )) to A0(S) is given by
jt ,τ(t)∗ = jt∗+ jτ(t)∗ .
It is easy to see that the above diagram is commutative (since C is alge-
braically closed). By the Abel-Jacobi theorem A0(Ct )× A0(τ(Ct )) is iso-
morphic to J (Ct )× J (τ(Ct )). Following the argument of [BG], proposition
6 we get that the kernel of jt ,τ(t)∗ is a countable union of translates of
an abelian subvariety of J (Ct )× J (τ(Ct )). Call this abelian subvariety At .
Assume that H3(S,Q)= 0. Now we prove the following:
Theorem 3.1. For a very general t , the abelian variety At is either {0} or
J (Ct )× {0} or {0}× J (τ(Ct )) or the diagonal J (Ct ),(induced by the diagonal
embeddingC →C ×τ(C )) or J (Ct )× J (τ(Ct )).
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Proof. The argument comes from monodromy. Let L denote a Lefschetz
pencil on S, that is a line in PN
∗
, such that the corresponding hyperplane
sections with S are either smooth or has ordinary double point singulari-
ties. Let 01, · · · ,0m are the points on L such that the corresponding fibers
on S are singular. We have a natural monodromy representation of the
fundamental group of L \ {01, · · · ,0m} on the Gysin kernel at the level of
cohomology, which is H1(Ct ,Q) and hence on H
1(τ(Ct ),Q) ∼= H
1(Ct ,Q)
respectively, for a very general t such that Ct ,τ(Ct ) are smooth. By the-
orem 3.27 in [Vo] we have that these monodromy representations are ir-
reducible. So it will follow that the induced representation of G = pi1(L \
{01, · · · ,0m}, t ) onH
1(Ct ,Q)⊕H
1(τ(Ct ),Q) has the following property. Any
G invariant subspace of it is either {0} or H1(Ct ,Q) or H
1(τ(Ct ),Q) or all
of H1(Ct ,Q)⊕H
1(τ(Ct ),Q). Consequently, by using the correspondence
between polarized Hodge structures of weight one and abelian varieties
we have that the only non-trivial abelian subvarieties of J (Ct )× J (τ(Ct ))
are either J (Ct )× {0} or {0}× J (τ(Ct )) or the diagonal J (Ct ) or all of J (Ct )×
J (τ(Ct )). Now to prove that At is either one of these four possibilities or
it is trivial, we have to show that the Hodge structure corresponding to
At is G equivariant. So for a very general t we have an abelian subvari-
ety At of J (Ct )× J (τ(Ct )). Now consider the morphism of C embedded in
C(t ) and view At and J (Ct )× J (τ(Ct )) as abelian varieties over C(t ). Let
K be the minimal field of definition of At and J (Ct )× J (τ(Ct )) in C(t ).
Since K is finitely generated over C(t ) and contained in C(t ) we have K
a finite extension of C(t ). Let C ′ be a curve such that C(C ′) is isomor-
phic to K and C ′ maps finitely onto L. Then we have At and J (Ct )×
J (τ(Ct )) defined over K and we can spread At and J (Ct )× J (τ(Ct )) over
some Zariski openU in C ′. Call these spreads as A ,J . Then throwing
out somemore points fromU we will get that the morphism from A ,J
toU are proper, submersions of smoothmanifolds, if we view everything
over C. Then by Ehressmann’s theorem we have two fibrations A →U
and J →U . Since any fibration gives rise to a local system and hence
a monodromy representation of the fundamental group of pi1(U , t
′) on
H2d−1(At ,Q),H
4g−1(J (Ct )× J (τ(Ct )),Q) ∼= H
1(Ct ,Q)⊕H
1(τ(Ct ),Q) where
d ,2g are dimensions of At , J (Ct )× J (τ(Ct )). Now pi1(U , t
′) is a finite in-
dex subgroup of G . We prove that H = H2d−1(At ,Q) is a G-equivariant
subspace of H1(Ct ,Q)⊕H
1(τ(Ct ),Q) (since At is a sub-abelian variety of
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J (Ct )× J (τ(Ct )), H
2d−1(At ,Q) is a subspace of H
1(Ct ,Q)⊕H
1(τ(Ct ),Q)).
Now G acts on H1(Ct ,Q)⊕H
1(τ(Ct ),Q) by the Picard-Lefschtez formula,
that is
γ.(α+β)= γ.α+γ.β .
By definition the above is equal to
α−〈α,δγ〉δγ+β−〈β,δγ〉δγ .
Now suppose that α+β belongs to H . We have to prove that for all γ in
G , γ.(α+β) belongs to H . Consider
(γ)m(α+β)=mα−m〈α,δγ〉δγ+mβ−m〈β,δγ〉δγ
δγ is the vanishing cycles corresponding to γ. Since γ
m is in pi1(U , t
′) we
have
γm(α+β)−mα−mβ
is in H . That would mean that
m〈α,δγ〉δγ+m〈β,δγ〉δγ
is in H , by applying the Picard Lefschetz once again we get that
γ.(α+β)
is inH . SoH isG equivariant, hence it is either {0} orH1(Ct ,Q),H
1(τ(Ct ),Q)
or all of H1(Ct ,Q)⊕H
1(τ(Ct ),Q). So the corresponding At will either be
zero or J (Ct )× {0} or {0}× J (τ(Ct )) or J (Ct ) or J (Ct )× J (τ(Ct )). 
This proves that if for one very general t , At is one of the above men-
tioned possibilities then for another very general t ′, At ′ will achieve the
same possibility because after all everything happens in a family.
Remark 3.2. ChuckWeibel has communicated to the author the following
generalisation of the above theorem:
We can consider two Lefschetz pencils on S. Let C ,C ′ denote the very
general fiber of these two pencils respectively. Then the bi-Gysinmap jC∗+
jC ′∗ from J (C )× J (C
′) to A0(S) has the kernel equal to the countable union
of translates of an abelian variety A inside the product of the Jacobians. By
monodromy this A is either trivial or J (C )×{0} or {0}× J (C ′) or J (C )× J (C ′).
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3.3. Countability of the Bi-Gysin kernel.
Theorem 3.4. Let S be a smooth projective surface embedded in PN . Sup-
pose A0(S) is not isomorphic to the Albanese variety Alb(S). Consider a
Lefschetz pencil on S. Then for a very general t , At is actually {0} or the
diagonal J (Ct ).
Proof. Before going into the proofwemention that a detailed proof of this
theorem is an easy generalisation of the theorem 19 in [BG] and its elab-
oration is present in the PhD thesis of the author in [Ba][theorem 4.7.1].
Now we proceed to an outline of the proof.
Here we want to prove that if A0(S) is not weakly representable that is
it is not isomorphic to the Albanese variety of S then the kernel of the bi-
Gysin homomorphism is countable for a very general hyperplane section
Ct of S inside P
N .
For that consider the familyC ∪τ(C ), that is given by
{(x,Ct ) : x ∈Ct }∪ {(x,τ(Ct )) : x ∈ τ(Ct )}
. ThenCt ∪τ(C )t is nothing butCt∪τ(Ct ). Suppose that T is the set of all
t inPN
∗
such thatCt∪τ(Ct ) is smooth. Let us choose a Lefschetz pencil L
inPN
∗
such that a very generalmemberCt of this Lefschetz pencil has the
property that A2(Ct )⊕ A
2(τ(Ct )) is weakly representable (this is trivially
true sinceCt is a curve). Then for the geometric generic fiber Cη¯ of L, we
have
A2(Cη¯)⊕ A
2(τ(Cη¯))
is weakly representable. So there exists a curve Γη¯ and a correspondence
Zη¯ on Γη¯× (Cη¯∪τ(Cη¯)) such that
Zη¯∗ : A
1(Γη¯)→ A
2(Cη¯)⊕ A
2(τ(Cη¯))
is surjective. Let Γη¯, Zη¯ are defined over some finite extension K of C(t ).
Let C ′ be a smooth projective curve mapping finitely onto L and having
function field K . Then we can spread Zη¯ and Γη¯ over some Zariski open
U ′ inC ′ to getZ ,G , such that we have
Z∗ : A
1(G )→ A2(CU ′ ∪τ(C )U ′) .
Compactifying and resolving singularities we getZ ′∗ and G
′ such that
Z ′∗ : A
1(G ′)→ A2(CC ′ ∪τ(C )C ′) .
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We have the following commutative diagram.
A1(G ′)

// A2(CC ′ ∪τ(C )C ′)

A1(Γη¯′) // A
2(Cη′ ∪τ(Cη′))
By a diagram chase [Ba][page 121-124] we can prove that for any α
in A2(CC ′ ∪τ(C )C ′) there exists nα an integer such that nαα belongs to
the subgroup generated by the image of Z ′∗ and the kernel of the pull-
back A2(CC ′ ∪τ(C )C ′) to A
2(Cη¯ ∪τ(Cη¯)). This is by theorem 4.7.1 (page
126) in [Ba]. Now the kernel of the pull-back A2(CC ′ ∪τ(C )C ′)→ A
2(Cη¯∪
τ(C )η¯) tensored with Q is the same as the kernel A
2(CC ′ ∪τ(C )C ′)⊗Q→
A2(Cη′∪τ(C )η′)⊗Q. The later group in the above is the colimit of A
2(CW ′∪
τ(C )W ′)⊗Q,W
′ Zariski open inC ′. So by the localization exact sequence
the kernel is the direct sum of images of the bi-Gysin homomorphisms
( jt∗+ jτ(t)∗) :⊕t ′∈C ′(A
1(Ct )⊕ A
1(τ(Ct )))⊗Q→ A
2(CC ′ ∪τ(C )C ′)⊗Q .
Arguing as in [Ba][Theorem 4.7.1] we can prove that if the bi-Gysin ho-
momorphism is zero for a very general t , then actually it is zero for a gen-
eral t . Also observe that if jt∗ = 0 then jτ(t)∗ = 0. So supposing that the
bi-Gysin homomorphism is zero or one of jt∗ or jτ(t)∗ is zero we get that
from the above
A2(CC ′ ∪τ(C )C ′)⊗Q
is weakly representable. That will imply that A2(S)⊗Q is weakly repre-
sentable, hence so is A2(S). That will be a contradiction to our assump-
tion. So if A2(S) is not weakly representable then for a very general t , the
kernel of the bi-Gysin homomorphism is countable.

3.5. Surfaces with pg > 0,q = 0. The proof of 3.1 and 3.4 applied to the
homomorphism jt∗− jτ(t)∗ will show that the kernel of jt∗− jτ(t)∗ is either
{0} or the diagonal J (Ct ) for a very general t , if A
2(S) is not isomorphic to
the albanese variety of S. This is the case for surfaces with pg > 0,q =
0. Note that both the kernels jt∗ + jτ(t∗) and jt∗ − jτ(t∗) cannot be the
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diagonal J (Ct ). If it is the case then for any z in J (Ct ), we have
jt∗(z)= τ( jt∗)(z)=− jt∗(z)
which implies that
2 jt∗(z)= 0
since q = 0 and Roitman’s theorem tells us jt∗(z) = 0, so jt∗ is the zero
map for a very general t . This contradicts the fact that the kernel of jt∗
is countable for a very general t , provided that A2(S) is not isomorphic
to the albanese variety of S, [BG][Theorem 19]. Now since A2(S) is gen-
erated by cycles supported on J (Ct ), where Ct is a very general smooth
hyperplane section of S. So either for a very general Ct , kernel of both
jt∗+ jτ(t∗), jt∗− jτ(t∗) are countable or one of the kernel is J (Ct ). So either
both the kernels are countable or τ∗ acts as id or −id on the image of
J (Ct ) inside A
2(S). If the later possibility happens then the action of τ∗
on A2(S), can be detected from its action on the image of the Jacobian of
the very general hyperplane section Ct . For that we have to exclude the
possibility that the kernels mentioned above, cannot both be countable.
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